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Abstract--The problem considered is the determination of the heat transfer in fully developed turbulent 
flow of a non-gray radiating gas in a circular tube. Experimental and theoretical results have been obtained 
and are in good agreement. The effects of radiation on the temperature profile and the Nusselt number 

are reported. 
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NOMENCLATURE 

total band absorptance ; 
band width parameter ; 
radiation intensity ; 
band absorptance properties ; 
specific heat at constant pres- 
sure ; 
tube diameter ; 
exponential integral function ; 
exponential integral function ; 
degrees Fahrenheit ; 
heat-transfer coefficient ; en- 
thalpy ; 
electric current ; 
thermal conductivity ; 
absorption coefficient ; 
degrees Kelvin ; 
Nusselt number ; 
pressure ; 
pressure ; 
equivalent broadening pressure ; 
Prandtl number ; 
total heat flux ; 
total heat flux at the wall ; 

* Presently, Associate Professor of Mechanical Engineer- 
ing, University of Michigan, Dearborn Campus, Dearborn, 
Michigan. 

t Associate Professor of Mechanical Engineering. 

radiative heat flux ; 
tube inside radius ; 
Reynolds number ; 
pressure broadening parameter, 
also temperature ; 
temperature ; 
local velocity in flow direction, 
also non-dimensional optical 
depth given by C$Pr ; 

coordinate measured in the 
direction of flow ; 
radial distance measured from 
the wall ; 

Greek symbols 

; 
thermal diffusivity, K/PC,; 
heating parameter ; 

Y7 angle ; 

;, 
eddy diffusivity ; 
wavelength ; 

P, dynamic viscosity ; 

V, kinematic viscosity, ~(/p ; 

P7 density ; 

G shear stress. 

Subscripts 
b, bulk value ; 

; 
condition at band center ; 
evaluated at wall ; 
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x, 
W 

Superscript 

condition at location x; 
indicated monochromaticvalues. 

+, dimensionless quantities. 

INTRODUCTION 

IN THIS study we consider fully developed 
turbulent flow of a non-gray radiating gas in a 
circular tube. Thus, the problem we are con- 
cerned with is one of energy transfer by conduc- 
tion, turbulent convection and radiation in a 
cylindrical medium. Because of the complexity 
of this problem, (see e.g. [ 11) an analysis was 
previously carried out for the same system but 
under optically thin conditions [2]. Detailed 
calculations were made which demonstrated 
that a constant heat flux, constant shear stress 
formulation yielded results which were in very 
good agreement with results that were obtained 
from the basic equation for the conservation of 
energy. In a separate study it was also shown 
that nongray effects could be included in a 
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radiating cylindrical medium through use of the 
total band absorptance [3]. On the basis of 
these studies more general theoretical results 
were obtained and are presented in this paper 
for the turbulent flow of a nongray radiating gas 
in a tube. A comparison was then made with 
experimental data obtained from tests conducted 
with carbon dioxide. As a check on our system, 
experiments were also carried out with air, a 
non-radiative participating gas at the tempera- 
tures of interest, and a comparison of experi- 
mental and theoretical results was made. 

EXPERIMENTAL SYSTEM 

The experimental system used in this study is 
shown schematically in Fig. 1 and a detailed 
drawing of the stainless steel test section is 
shown in Fig. 2. The tube is 22 lt long with an 
o.d. of 2-O in. and a wall thickness of 0449 in. 
The tube was heated by employing it as the 
resistance element of an electric circuit with 
electrodes attached at each end of the tube for 
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FIG. 1. Sketch of apparatus. 
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this purpose. An a.c. power supply was used 
which was capable of stepping down the line 
voltage to 20 V with a current carrying capacity 
of 2500 A. However, because of the relatively 
fixed electrical resistance of the tube and the 
fixed output voltage of the power supply, a 
maximum electric current of approximately 
425 A was obtained. The maximum wall 
temperature obtained was 750°F. With electric 
heating, the energy per unit area transferred 
from the tube to the gas was practically constant 

test section. The variation of the over the 
electrical resistivity of the tube with temperature 
resulted in a slight variation in the value of the 
energy generated. Furthermore, the radiation 
heat losses varied along the tube. The surface 
temperature ofthe tube increased gradually with 
axial distance in the direction of the flow (cf. 
Fig. 3). 

To minimize natural convection losses the 
region surrounding the test tube was maintained 
in a vacuum of approximately 05 mm of 
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mercury. In addition, three steel tubes of 
diameters 10, 12 and 16 in. enclosed the test tube 
and acted as radiation shields. The primary heat 
losses in the system were due to radiation 

I I 

800 c Probe location ot < =I08 I 

I I I I I I I I I I 11-1 
0 20 40 60 80 100 120 

X/D 

FIG. 3. Variation of wall temperature with axial distance. 

transfer through the shields and conduction 
losses through the end flange. The entire 
apparatus stood vertically on a structural 
support and the tube was anchored to the 
outermost shield at the top by means of a steel 
flange. This allowed the tube to expand vertic- 
ally downward upon heating Another flange 
made up of electrically insulating hard fibers 
was used to connect the shields and the test tube 
at the bottom of the apparatus. To provide for 
the expansion of the tube, a stainless steel 
bellows was installed in the flow path and 
connected the tube inlet and the insulating 
flange. A steel pipe was inserted in the bellows 
to minimize any whirling motion of the gas as it 
entered the tube. The bellows was electrically 
insulated from the test tube. At the cool end of 
the system (lower end), rubber O-rings were used 
around the flanges and other connecting parts 
to obtain a satisfactory seal; at the hot end, an 
annealed copper ring was used. 

The gas flowed through the test tube and was 
heated by the hot tube walls. In the case of air, 
the source of supply was a large air tank 
pressurized to approximately 6 atmospheres. 
The air was filtered to remove suspended oil and 

water droplets and then passed through a 
pressure regulator set at 50 psi. Flow control 
valves were mounted on the instrument panel to 
permit either air, carbon dioxide or steam to be 
used. These values also regulate the gas flow rate 
through the system. One control valve was used 
at the test tube discharge line in order to allow 
the gas in the tube to be pressurized. In the case 
of carbon dioxide, liquid CO, from a 750 lb tank 
maintained at 300 psi was passed through a 
vaporizer and then through a pressure regulator 
set at approximately 60 psi. The vaporized gas 
then passed through a steam heat exchanger to 
maintain a certain gas temperature at the test 
tube inlet. 

All temperature measurements were made 
with chromel-alumel thermocouples and a 
“L&N” self-compensating temperature readout 
unit designed to read in degrees F. Thirty 
thermocouples were spot welded to the outer 
surface of the tube. The axial spacing of the 
thermocouples varied from 2 ft at the lower 
third of the tube to 6 in. at the upper third. On 
some axial locations, two thermocouples were 
situated opposite and at 90 degrees to each other 
to check any peripheral variation in the tube 
wall temperature. It was observed that no 
appreciable difference in measured wall temp- 
erature existed except near the tube outlet 
where axial conduction losses existed and these 
losses were apparently non-uniform. The thermo- 
couple leads approached the measuring junction 
in opposite directions and parallel to the axis of 
the tube. 

The centerline gas inlet temperature was 
measured with a thermocouple. In addition, a 
temperature probe was placed at an axial 
location of x/D = 108 to measure the hot gas 
temperature. This location is approximately 
2+ ft from the top of the tube. A stainless steel 
radiation shield* was placed around the probe. 
The o.d. of the shield was 0.125 in. and the shield 

* An estimate of the error due to radiation was made and 
the result was a maximum temperature deviation of less 
than 2°F. 
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and the thermocouple were silver soldered 
together. Fine holes were drilled in the shield 
(cf. Fig. 2). 

The probe thermocouple was made of 
chromel-alumel wire, 0.020 in. dia. and was 
insulated from the thermocouple sheath with 
ceramic (“Ceramo”). The entire probe is welded 
to a long $ in. dia. stainless steel pipe which is 
bolted to an eccentric cam attached to a ball 
bearing situated at the top of the tube. When 
the bearing rotates, the probe scans a path from 
the center of the tube toward the wall. A gear 
drive is incorporated so that the probe can be 
rotated from a location close to the instrument 
panel. The probe position was determined by 
using a counter that was calibrated against the 
various radial positions of the probe in the pipe. 

The mass flow rate was measured using two 
ASME nozzles with 0.5 and 0.75 in. throat dia. 
and a flowrator. The metering nozzle is located 
approximately 5 fi ahead of the test tube 
entrance. A “ij” tube water manometer was 
used for the measurement of the static pressure 
difference across the nozzle. During the low 
pressure runs, a “U” tube mercury manometer 
was used to measure the nozzle inlet pressure ; 
for the high pressure runs a pressure gauge was 
used. Additional gauges were available to 
measure the tube inlet and outlet pressures. The 
electric current and the voltage drop were 
measured by an ammeter and a voltmeter, 
respectively. 

NON-GRAY RADIATION TRANSPORT 

In a previous study it was shown [3] that it 
was possible to include non-gray effects in a 
cylindrical medium. (For the planar medium 
refer to [4]-[6].) This was accomplished by 
incorporating the total band absorptance into 
the basic radiative transport equations. Exact 
results were obtained for this problem. These 
radiative transport calculations are quite com- 
plex. Furthermore, the problem is made in- 
creasingly difficult when we also consider a 
coupled radiating flow problem with variable 
properties. Because of these considerations, an 

approximate formulation for the radiation trans- 
port was also carried out using the approxima- 
tion [3] 

D,(x) = r(coso)exp(si)do 

0 

1 

s -x/r 
-bx _--_ =o(:~pqWe 

where a and b are arbitrary constants. Calcula- 
tions were made using this ,approximation and 
a comparison between the approximate and the 
exact results was made. Excellent agreement was 
obtained for a = 1 and b = i.* Based on these 
results we therefore write the following approxi- 
mate expression for the radiative flux :t 

x P$,,,h’) - &,,,,I dr’ 

R 

- b(r + I’ - 2r sin 14 j_ 
cos y 1 dr’ 

rsiny 

x V4.&‘) - kc, 01. dr’ 

- U4xW - hm,ol A ( [!E$q 

_ A b(r~ R - 2r sin y) __-____ cos y dy. (11 
* For the planar geometry, the approximation El(x) 3 

sh eexir dp ‘v cemdx may be made and very good results 
are obtained for this case with c = 09 and d = 1.8 [6]. 

t We have taken the absorption coefkient, k, to be 
independent of the temperature. However, for the case when 
k, is a function of the temperature according to k, = 
fen(w) . fen(T) the same procedures can be carried out [5]. 
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The total band absorptance, A, [7--91 is defined 

by 

A(y) = ja [l - eekWy] do (2) 

where AW is the band width. Note that q, is the 
total radiative flux for one band which was 
obtained by integrating the spectral radiative 
flux over the band width : 

q, = 1 qr, do. 
dw 

In deriving equation (1) we considered the 
tube wall to be black and diffuse. Monochro- 
matic measurements of the tube wall emissivity 
were made at room temperature and at a 
temperature of 900°F [lo]. Calculations were 
then made for both the temperature profiles and 
the radiative flux profiles and the effect of 
emissivity was shown to be small [lo]. In 
addition, the axial radiative flux is neglected. 
Note that our temperature profiles in the gas 
stream were measured at a location 108 dia- 
meters downstream (cf Fig. 3). 

In the analysis of turbulent flows the non- 
dimensional distance y + = (y/vJ J(r,/p,)is used 
where y = rO - r. In terms of y’ the radial 
radiative heat flux is then given by 

x (2r,+ - y+ - y+’ - 2(r,f - y+)sin 1’) . 1 
r$ -(r& -y+)siny 

d[&c - 4oc 01 x -._--tr_~- dy +’ _ 

dy s 
Yf 

x ‘4 GPro __-_ +Y - ( 
+, 

cos yro 
y + ) 

1 
d[B,,:!Ed- dy + 

dy+’ 

- - Y+‘) 1 
0 

d[B - &, ol x __?___:_ dy + ’ 
flu+ 

dy (3) 

Note that for problems that involve energy 
transport by both conduction and radiation, the 
last term in equation (1) is identically zero 
because of the continuity of temperature at the 
boundary. In general, the total radiative heat 
flux may be represented by 

4, = t 4, i 
i=l ’ 

where q,,i is the radiative heat flux for one 
vibrational--rotational band, given by equation 
(3), and N is the number of bands in the gas. 

To evaluate the total band absorptance we 
use the following correlation of Tien and 
Lowder [8] based on the results of Edwards and 
Menard [7] : 

Ai = A,,iln ~ 
r 

uif(ti)Ju + 2, + 1‘ 

lI”i + ?ftti)! 
i 

(4) 

where 

f(ti) = 2.94 [I - e-2’61i]. (5) 

Equation (4) is a curve lit to a three-region band 
absorptance formulation which is based upon 
an exponential wide band model for the absorp- 
tion coefficient. 

For carbon dioxide we consider the two 
strongest bands and list the pertinent radiation 
parameters in Table 1. The optical depth 
variable ui is defined by 

ui=C$jiPr (6) 

where Ci, i is given by 

C~,i = C,,iiC,,i RT. (7) 

In equation (5) ti is a line structure parameter 
defined by 

ti = B?P,,{ (8) 

with 

Bf = C&/4C,C,, P,,i = 2P,,,,,,. (9) 

The above relation between the pressures is 
only valid when there is no foreign gas broad- 
ening. 
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Table 1. Rodiatiue pmmetersfor carbon dioxide (Tien [9]) 

Band 
CI C, 

(ce$, (cm-‘/gm Me2) (cm-‘/[gm M-‘]*I 

Integrated 
c, (or A,) intensity of 

(cm-‘) band 
(cm’-atm)-’ 

661 19 69( T/T,)@5 
2350 110 3l(T/T,V’5 

T, = reference temperature = 100°K. 

12.9(7-/T,)“’ 2970 
11q11’/7Y I 240 + 36 

FULLY DEVELOPED TURBULENT FLOW OF A 
NON-GRAY RADIATING GAS 

We are interested in determining the heat 
transfer to a radiating gas in turbulent flow. 
First, the velocity profile must be obtained from 
the momentum equation which, for variable 
properties, is coupled to the energy equation 
through the temperature dependence of the 
viscosity and the density. Deissler [ 11, 121 solved 
the coupled energy and momentum equations 
for fully developed turbulent flow. He con- 
cluded, from experimental and theoretical re- 
sults, that the effect of variable shear stress and 
heat transfer on both the velocity and tempera- 
ture distributions for a radiative non-partici- 
pating gas was slight. In addition, Nichols [13] 
showed that the velocity profiles obtained in an 
annulus with steam a radiating gas, agreed with 
those presented by Deissler. Nichols [13] also 
concluded that for heat-transfer calculations, 
equating the eddy diffusivities for momentum 
and for heat transfer is a good assumption. 
Therefore, for our problem we shall also use the 
velocity profiles and eddy diffusivities presented 
by Deissler [ll, 121 (also, refer to Martinelli 
P41). 

In a previous study, the heat transfer in fully 
developed turbulent flow of an optically thin 
radiating gas was determined by solving the 
basic equation for the conservation of energy 
[2]. In addition, the constant (total) heat flux, 
constant shear formulation was also used and 
the resulting heat flux and temperature profiles 
were shown to be in very good agreement with 
those obtained from the energy equation [2]. On 
the basis of these results, the constant flux, 

constant shear formulation has been used in the 
present problem for a non-optically thin, fre- 
quency dependent radiating gas with variable 
properties.* 

The total heat flux, q, is given by 

dT 
q = - (K + &&) - + qr 

dy 
(10) 

400 

t 

Air 

Re = 14,700 

p = 0.0066 

- Theoretical profile 

FIG. 4. Experimental and theoretical temperature profiles for 
air. 

* It should be emphasized that to obtain the correct 
.radiation transfer contribution in optically thin problems 
it is necessary to include both the Planck mean and the 
modified Planck mean coefficients [4, 151. This requires the 
radiative properties to vary with temperature. In reference 
[2] this variation was allowed but all other properties, i.e. 
“conduction and convection properties” were taken to be 
independent of the temperature. 
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where the non-dimensional distance and tem- 

Air perature are given by 

Y+ 
Y&O/PO) = -p, 

- Theoretical profile vo 

k Re = 12,200 
p = 0.0091 with 

< 
2 
e 

/j = 40 &O/PO) ~_. (13) 
z 
E 

cpo~oT0 ’ 

z The temperature dependence of the thermal 
conductivity and the viscosity is given by 

400 - 

K p T” - = __ = __ 
Ko PO 0 T, 

= (1 - j?T+)” (14) 

3600 ’ ’ ’ ’ ’ 1 ’ 1 1 I 
0.2 0.4 0.6 0.8 1.0 with nl = 0.69 [16, 171. 

L .I_’ 
10 rc The total turbulent shear stress is given by 

FIG. 5. Experimental and theoretical temperature profiles 
for air. 

t=(p+pe)@ 
dy’ 

(15) 

where q, is the radiative flux defined in equation For constant shear stress this becomes 

(3), E is the eddy diffusivity and K is the thermal 
conductivity. We invoke the constant heat flux (16) 

condition, q/q0 = 1, and obtain 
where the dimensionless velocity is defined by 

(11) 1(+ = UlJ(~o/Po). (17) 

+” 
h 

I_ 

Re04 P I Air I 

0- I III I I I II I I Ill I I I II 
/ IO 102 IO3 104 

JTK )/+zy - 

VO 
FIG. 6. Dimensionless temperature profiles for air. 
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Combining equations (11) and (16) we obtain 
720 

I= [;;($- 1) +&pjg+;. 

(18) 

--- Non-radiating CO, 

680_ - Theoretical curve rad. CO2 

p =0~0092 

For convenient the velocity profiles of Deissler 640r 
Re =I6 200 
p = I./ otm 

Run ~0.24 

[ll] were previously fitted using the following P, = 0.7 3 

relations 1181: 5 
0 Experimental data 

b(+ = Y+ o<y+<5 G 600-r 

u+ = al(P) + b,(P)lny+ 5 <y+ < 26 (19) i 

u+ = a&?) + b&?) In y+ 26 < y+ < rz. 
? 
c” 

560 

! 
740 

\ p = 0.0092 

I ffe@h 12 200 700 

p = 1.1 afm 
Run No.36 

I 
\ 

Pr=O.73 
0 Experimenlal data 

--- Non-radiating CO, 

- Theoretical curve rad. CO, 

/I 
0.8 

FIG. 8. Experimental and theoretical temperature profiles for 
carbon dioxide. 

FIG. 7. Experimental and theoretical temperature profiles 
for carbon dioxide. 

460- 

- Theoretical curve, 
radiating CO, 

--- Non-rodioting CO* 

415OF non-rod. CO, o Experimenta\ dota 
407°F rad. CO2 

p= 0.0071 

Reo4= I9 000 
Pr = 0.73 
P = 1.1 otm 

. 

The functions of /? in equation (19) are presented 
=ooO-l 

in [18]. Equation (18), in conjunction with the 
+I-$ 

velocity profiles of equation (19), represents a FIG. 9. Experimental and theoretical temperature profiles 
completely specified problem. Equation (18) for carbon dioxide. 
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was solved numerically for the temperature gas. At the temperatures attained (less than 
profile by successive substitution.* 750°F) air is transparent. Temperature profiles 

were measured at a location 108 tube diameters 

DISCUSSION OF EXPERIMENTAL AND downstream. A comparison between the experi- 
THEORETICAL RESULTS mental and theoretical temperature profiles is 

To provide a check on our experimental made in Figs. 4 and 5, and the agreement is seen 
system and some of our fundamental theoretical to be very good. In particular, note the excellent 
assumptions, air was first used for the flowing agreement for the wall temperature. The runs 

Table 2. Summary of results 

Gas 
Pressure 

Re,., B 
NU,.,’ NU,.,* Run 

(awn) (expt., non-rad.) (theor., non-rad.) no. 

Air 1.1 12 200 0.009 1 37.1 365 8 
Air 1.1 14700 0.0066 42.7 42.0 9 

Gas Pressure Re,.,* 
(atm) 

B Nu, qd Nu~.~* Run 
(exp., rad.) (theor., non-rad.) no. 

co* 1.1 12 200 0.0092 
co, 1.1 16 200 0.0092 
co, 1.1 19000 0~0071 

-- 

* Based on To j = TD + 04(T, - Th). 

39.8 367 36 
48.5 45.9 24 
52.8 48.2 22 

i 
h 

-Theor. profile 

FIG. 10. Dimensionless temperature profiles for carbon dioxide. 

* The details are presented in [lo]. 
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are also presented in Fig. 6 on a non-dimensional 
basis and the corresponding Nusselt numbers 
are given in Table 2. 

The experimental and theoretical results for 
carbon dioxide are presented in Figs. 7--9 and 
the agreement is seen to be very good. Note, in 
particular, the excellent agreement for the wall 
temperature. It is also of interest to compare the 
results with a hypothetical non-radiating curve 
for carbon dioxide; that is, when the energy is 
transferred solely by conduction and convec- 
tion. These curves are presented in Figs. 7-9. 
For a given case, both the radiating and the 
non-radiating curves correspond to the same 
heat flux, qO, and mass flow rate, +I, so that the 
bulk temperature is the same. Now, when 
radiation effects are present both the tempera- 
ture at the wall and the magnitude of the 
temperature gradient at the wall /(dT/dy), 1 
should be less. Furthermore, in some region 
away from the surface, the temperature of the 
radiating gas should be greater than the 
temperature of the transparent gas in order to 
obtain the same bulk temperature. Thus, the 
radiating and non-radiating temperature pro- 
files should intersect. The above mentioned 
effects may be observed in Figs. 7-9. The 
experimental results are also presented in Fig. 10 
on a non-dimensional basis along with the 
theoretical non-radiating results. 

From the preceding discussion we note that 
the Nusselt number, defined by q,D/k(T, - 7& 
should be greater for the flowing radiating gas 
than for the non-radiating case. This is con- 
sistent with our results which are summarized 
in Table 2. 
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ETUDE EXPERIMENTALE ET THfiORIQUE DU TRANSPORT DE CHALEUR VERS 
uN GAZ EN BC~ULEMENT AVEC RAVONNEMENT NON-GRIS 

R&sum&--Le probkme consid& est la dkrmination du transport de chaleur dans I%couiement turbulent 
enti~rement &&Ii d’un gaz aver rayonnement non-g& dans un tuyau circulaire. Des r&+ultats experi- 
mentaux et thkoriques ont Ct6 obtenus et sent en bon accord. On d&it les effets du rayonnement sur le 

profil de temperature et le nombre de Nusseit. 

W~RMEUB~RGANG AUF EIN STROMENDES NICHT-GRAU-STRAHLENDES GAS 

Zaps-Unte~ucht wird der W~e~~rgang auf ein nicht-~au-str~Iend~ Gas in einem 
Rohr mit Kreisquerschnitt bei voll entwickelter turbulenter Strijmung. Die experimentellen und 
theoretischen Ergebnisse stimmen gut iiberein. Es werden die Strahlungseffekte auf das Temperaturprotil 

und die Nusselt-Zahl angegeben. 

AtlHoTayH~-MiCCneXyeTcR TeIIJIOObMeH B FIOJIHOCTbb pa3BHTOM TYpfiY.ZeHTHOM nOTOh'e 

aeceporo asnysamwero ra3a D ~pyrnoli ~py6e. Ilonyserrlmte 3ficnepMMeHTaabHbre ;(aHHble 

COOTBeTCTBylOT TeOpeTHYeCK~M pe3J'JIbTaTaM. IIPMB~~~RTCR xaHH6le 0 B;I~IHHBII wjny~eHw 

Ha ~pO@-ciJlb TeMnepaTypbI H WCJO HyCce,?bTa. 


